Phase Problem, Direct methods

Corrado Cuocci
Institute of Crystallography — National Research Council (CNR), Bari, Italy

WiSe-Cryst 2026 Winter Schoekori Electron Crystallography - March 2nd™— 6th,-2026, Julich -~

.

¥



- y21INC ‘920z ‘Y19 —pug ydse - AydeiBojeisAio uonodajzg

The Phase Problem

electron
beam

diffractio

pattern

&

not sampled wedge

“missing cone’,

POYO
il

S JBIUIM 9202 1SA1D-aSIM | " i
f ﬁ.

/‘I\!Invlc
Mugnaioli, E., Kolb, U. (2014). MICROPOROUS AND MESOPOROUS MATERIALS, 189, 107-114


https://dx.doi.org/10.1016/j.micromeso.2013.11.040

Structure Factor

n
by = Z fiexp (2mih - ry)
7=1

n is the total number of atoms in the unit cell

J; 1s the atomic scattering factor
oy

h r; = (h k l) X | yj | = hx; +Fky; + 12
<

n
Fp =) f;jexp[2ni(ha; + ky; + 1z;)]
j=1
F, = Z O,t;( (s) exp [2mi(hx; + ky; + 12;)]
t; is the temperature factor (atomic displacement parameters)

O; is the occupation factor
s.is sinfy /A
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Phase Angle

Fn, = |Fun| exp (t¢n)
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p(r)

plx,y,z) =

Frir =

The electron-density equation

I'n

= FT7 ' [F] =

V
cell 3 e ]

| Fhii| exp (tonk) =

> > >1Fhklexp[ 27m(h:13+ky+lz)]

‘Fhkl‘ (COS Lhkl -+ 1 S1n ‘Phkl)

}

»

p(z,y, 2

(hx + kx + 1z) —

Ohki]
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Phase Problem
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Phase Problem

Accurate structure determination requires both the amplitudes
and phases of the structure factors. This difficulty is known as
the phase problem, as the phase information is missing from

diffraction data.

Fy| sy

Phasing

Methods

Approximate positionsﬁ
of atoms

Phases must be estimated and refined using appropriate

phasing methods.
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Phasing Methods

" The phase
problem !
I=|F|?

@ =777

)e

Other methods:

s charge flipping
s molecular replacement

Traditional approaches:

s direct methods
s Patterson methods

Direct space methods

Alternative expressions:real space,
global optimization, global search
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Direct Methods: the Theoretical Basis

Direct Methods emerged Iin 1948, achieving full theoretical and practical
maturity by the 1970s.

Key points in DM development include \

*Sayre's equation (1952)

*Structure invariants by Hauptman and Karle (1953)
*Cochran’s three-phase probability distribution (1955)
*Hauptman and Karle's tangent formula (1956)

Automated direct methods software

*MULTAN (Main, 1980)

*SIMPEL (Schenk, 1988) , |
'SHELX'76 (SheldriCk, 1976) Herbert A. Hauptman Jerome Karle
*SIR (Giacovazzo, 1982)

DM practically solved the phase problem
for small molecules, earning
H. Hauptman and J. Karle the
1985 Nobel Prize in Chemistry.
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Constraints on the electron density

Discrete atoms (atomicity)

Bn|® =

Tt

1

- p(r)

> point-atom structure

2

(

%)

N

(1Fal*) =en ) f7

1=1

Non-negative electron density (positivity)

p(r) >0
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A Typical Direct Methods Procedure

Scaling and normalization of
the structure factors F_ - E,

Floy, = K |Ful® =

obs

K |F£|2exp(—2332)

0.05

Thermal factor (B) = 3.17363

Fzs
In (< h‘o(;’s> ) =InK —2B(s°) - :
8 o
N o
ZS — ( J) S = sm(é’)/)\ \ — /
J=1 Wilson plot for cimetidine
2
‘Eh‘z 3 ‘Fh‘obs . ‘Fh‘obs
<‘Fh‘ibs> N
Kexp(—2Bs?) Z
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Normalized Structure Factors

1.0

Centric structures

Pr(|E]) = 1/ Zeap(~ B[ /2)

~—acentric

Acentric structures

centric

Pi(|E|) = 2|E| exp(— |E|*)

0.0

Normalization helps to reveal underlying symmetry
(i.e. inversion centre) in the data. |Epl

ich

Comparison of theoretical and experimental distribution functions.

exp. data acentric centric hypercentric a. c. h.

mod (E) 0.865 0.886 0.798 0.718 *
E**2 1.000 1.000 1.000 1.000

E**3 1.419 1.329 1.5%¢ 1.916 *

E**4 2.364 2.000 3.000 4.500 *

E**5 4.497 3.323 6.383 12.260 *

E**g 9.593 6.000 15.000 37.500 *

mod (E**2-1) 0.805 0.736 0.968 1.145 *

(E**2-1)**2 1.364 1.000 2.000 3.500 *

(E**2-1)**3 4.501 2.000 8.000 26.000 *

s (mod (E*¥*2-1) ) **3 4.974 2.415 8.691 26.903 *
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Structure Invariant Definition

Fy = |Fn| exp (ipn)

The origin is moved by a
general vector ro

Fy, = |F|exp (igy,) = > _ fj exp [2mih - (r; — )]
j=1

Shifting the origin
by a vector ro ﬁ

| Ful = [ Fal

A > F

= exp (—2mih - 19) »  fjexp (2mih - 1))

= exp (—27mih - rg) Fy,

ij exp (2mih - r;)

g=1

‘ 01, = ¢n — 2mih - rg

"\ |Fu| is a structure-invariant

guantity, i.e. independent of
the choice of origin, whereas
@n IS NOt.
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Structure Invariant Definition

A structure invariant is a product of structure factors whose phase is independent
of the choice of origin.

The most general structure invariant is represented by the product:
Ihy Fhy - .- Fhy = [Fay Fhy - - Fh,, | €xD[i(@n, + ¢, + - + ¢nu)l

when Every structure invariant
h1 —+ h1 + -4 hm — 0 must satisy the condition | %
that the sum of the Miller
Triplet invariants: indices equals ZERO

FhFcFonx = |FhFkFonx|expli(ipn + 0k + ¢-h-k)]

Quartet invariants:

FoFcFiFnx-1 = |FaFc A Fon-ke1| expli(on + ok + @1 + P-h-ke1)]

] WiSe-Cryst 2026 Winter ScHooI- on Electron Crystallography - March 2nd— 6th, 2026, Jiilich

.Y
:H-



Probability methods

Ppk = Yn + Yk + Pk-h

‘Fh‘ — ‘F_h‘ — Iy =1y Friedel’s law

Yh = —$-h

Ppk = Yh + Pk + Pk-h =Ph — Pk — Ph-k

The probability formulae for triplet invariants derived by Cochran:

P((I)hk) e 27?[01th exp(th COS((I)hk))

N
2
Equal atoms: th — \/_N ‘EhEkEh_k‘ Op = E Z;.?’
J=1

—3/2
Non-equal atoms: Ghix = 2030, / | En B Enk|

lois the modified Bessel function of zero order

Z IS the atomic number
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Probability methods

P((I)hk) IS a so-called von Mises distribution

o
Ghk = J~ | En L En-k|
Probability distributions based on Cochran’s
formula for different values of the parameter G

1.6

\
Phk = Yh — Yk — Ph-k ~ 0

> indicates 'is distributed about' iy

1.2 —

0.8

P(®)

Ph = Pk T Ph-k {,

0.4

G=2—»
| \ \
L. -1 0 3

.

Which shows that if the phases of

0

| two structure factors are known

\k& then the phase of the third one
\ \ |

may be estimated.

s
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Structure Factor Phase Estimate (the Tangent Formula)

If more than one pair of phases

Y; = Pk,; T Ph—k,

J=IL 2

A

are known, all defining the same phase ¢, through triplet relations

D Gjsin(p;)
tan o, ~ ;Z —

D Gjcos(p))
G = Gy, j

gives the most probable value of ¢, .

th:\/A%—I—Bﬁ

reliability parameter

Graphical representation of the tangent
formula: is visualized in the Argand plane
as the resultant of the sum of five complex
vectors Gexp(i9)).

Z Gj sin ﬁj

immaginary axis

real axis
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A Typical Direct Methods Procedure

Scaling and normalization of Triplet and negative quartet
invariants are found among the

reflections with largest E,

the structure factors Fh Y Eh

/ - \ Random phases
i ~ Pk, + ¥Yh—k; assignement
T
Z Gjsin(p;) Phase Extension
tan o ~ J

ZGj cos(y;)
J

/ Phase Refinement

DM phase set (trial) and FOM

I I I A

No

¢
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A Typical Direct Methods Procedure

Scaling and normalization of Triplet and negative quartet

invariants are found among the

the structure factors F_ - E, reflections with largest E,

Random phases
assignement
[ Multisolution approach
Phase Extension

Phase Refinement
DM phase set (trial) and FOM
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A Typical Direct Methods Procedure

Triplet and negative quartet
invariants are found among the
reflections with largest E,

Tangent formula procedure

Scaling and normalization of
the structure factors Fh " Eh

Select the most
reliable trials

E-map
calculation

1

p(r) = FT ™ [wnEn] = -

h

Z wnh|En | exp(ipp) exp (—27ih - r)
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A Typical Direct Methods Procedure

Triplet and negative quartet
invariants are found among the
reflections with largest E,

Tangent formula procedure

Scaling and normalization of
the structure factors Fh " Eh

Select the most
reliable trials

E-map
calculation

Structure refinement
and completion

»

— Structure model
Yes
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Completing and refining the structure

Errors in the model: missing atoms, position errors, errors in the thermal parameters <

—6th,2026, Julich

A Fourier series having as coefficients Fﬁ
Positions of the

1
,OC(I‘) — V E Ffl exXp (—27m'h . r) atoms of the given
h

model

A Fourier series having as coefficients Ffl e ‘Fﬁ‘ ewp(i%rue) '

1
Po(r) = v Z F{ exp (—2mih - r) The true structure
h

Ap(r) = po(r) — pe(r) = % Z(Fﬁ — Fy) exp (—2mih - 1)

How much the initial model
deviates from the real structure

iSe-Cryst 2026 Winter Schoekon Electron Crystallography - March 2nd



Completing and refining the structure

Difference Fourier synthesis method

Otrue are unknownj

h
@ Ptrue ~ Spﬁ

Ap(r) = = > (|Fg| — |Fg]) exp (—2mih - T + i)

<

Pbest (I‘) -

h

1

= S (@IFg| — | Fl) exp (~2mih - x + i)
|h

L

FY)exp (—2mith-r)
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Completion of the Crystal Structure and Preliminary Refinement |

Recalculate: F'.a1c, Pealc
\_

Partial atomic model

o _J
L 4

4 N

Calculate: Fcalca Pecalc

\_ )
v

4 A

Difference Fourier method

4 (2‘Fobs‘ B ‘Fcalc‘) J
v

a )

Add / correct atoms in model

\_ Yy
v

a i N

Least-squares refinement
(positions, B factors)

\_ )
v

a N\

v

L b Complete structure

iy

L

L]

Kinematicélﬁ
Model " }
Refinement X

3

T

N
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Least-squares method

Functions to minimize:

M = th Fh| — ’Fh‘

Residual Factors (R-factors):

D o c 4 1/2
> wn(|F] — |F5))?
wRy = L 5
> wnl|F|
B 0 c 7 1/2
> wa(|F| — K5
S= |2

Nr — Np

th ‘Fh|2 |Fﬁ|2)2

Ry =

> IIER —1F]]
h

> I

h
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For X-ray data, the correct solution is marked by an outstanding value of the'

Correct Solution Identification

FOM (R, << 25%).

f carbamata.sir = & @&
File Solve Refine Structure Info Help
Gl lelob &I Fsepelod] ol o4 J S sermiso | R
8 ®
Final FOM vs R'
P
A T T T
ok . » X
2L .
) 375 E
14 4
. E

This is not always true for Electron Diffraction data.
The lowest value of R: does not necessary indicate the best solution.

=
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Main Parameters in Phasing Process

Data Resolution

When data resolution is around 1 A or better, phase
determination can normally be obtained ab initio by direct
methods

Data Completeness :

>70-80% completeness j> Structure solution is often feasibl

i

Solution becomes difficult or
<60% completeness j> unstable, depending also on
resolution and data quality
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RED P+

Main Parameters in Phasing Process: Data Completeness

EE)
FOMs Statistics

Early FOM histogram

3 35 4 a5

eFOM

Final FOM vs R% scatter plot

. v et e
. LS

SDM procedure
Solving strategy: smallsize structure
Threshold on R%: 1.00
Number of trials: 100
Phasing trial: 100
Final Fom: 2.701
Current R %: 35.27in trial 10
BestR%: 27.64intrial 15
Final R % 27.64intrial 15

Dataupto 0.4 A
Completeness = 23%

*Gemmi e!i-?.L, Amer. Miner. 92, 408 (2007)

gl

o T
-

Akermanite* PED Data

-

[Distribution of reflections up to ©.40 Ang.]

Angstrom No. of No. of No. of % of
resolution expected observed missing completeness

)
up to 10.0 0 (0] (] [¢]
1.0 - 8.0 0 0 0 (c]
8.0 - 6.0 0 0 0 (]
6.0 - 5.0 2 2 0 100
5.0 - 4.0 af 1 0] 100
4.0 - 3.0 4 3 1 75
3.0 - 2.5 3 3 (0] 100
2.5 - 2.0 9 6 3 67
2.0 - 1.8 7 4 3 57
1.8 - 1.6 9 4 5 44
1.6 - 1.4 14 9 5 64
1.4 - 1.3 9 4 5 44
1.3 - 1.2 16 8 8 50
i b R b 16 8 8 50
1T = 1.0 26 14 2 54
1.6 - ©.9 41 17 24 41

0.9 - 0.8 58 22 36 38 )
0.8 - 0.7 94 35 59 37
0.7 - 0.6 166 53 113 32
0.6 - 0.5 309 83 226 27

0.5 - 0.4 661 63 598 10 4
All 1445 339 1106 23

s )

% of completeness up to 0.40 Ang. resolution =

'S

" .
-

— - o "E;- .

™

~
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Main Parameters in Phasing Process: Data Completeness

LIS

" Orthocetamol* STEM-3DED Data

-

s

-
L]
e

-

aiol b b

orthacetamol.sir

efine Structure Info Window
4

Help
& b Fsteo0s00] s g F & J ) step(pns00

FOMs Statistics

rrrrrrrrrrrr

Data up to 0.78 A
Completeness = 80%

~—

[Distribution of reflections up to 0.78 Ang.]
Angstrom No. of No. of No. of % of
resolution expected observed missing completeness

- )

up to 10.0 0 0 0 0
10.0 - 8.0 0 0 0 0
8.0 - 6.0 4 4 0 100
6.0 - 5.0 4 2 2 50
5.0 - 4.0 4 3 1 75
4.0 - 3.0 17 17 0 100
3.0 - 2.5 20 14 6 70
2.5 - 2.0 47 42 5 89
2.0 - 1.8 33 26 7 79
1.8 - 1.6 66 56 10 85
1.6 - 1.4 88 70 18 80
1.4 - 1.3 68 58 10 85
1.3 - 1.2 95 78 17 82
1.2 - 1.1 140 115 25 82
1.1 - 1.0 186 161 25 87
1.0 - 0.9 291 243 48 84
0.9 - 0.8 443 364 79 82
0.8 - 0.7 101 31 70 31

ALL 160/ 1284 323 ol

% of completeness up to 0.78 Ang. resolution = -

*Andrusenko et al., Angew. Chem. Int. Ed. 2019, 58, 10919 —10922
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Structure Solution of the complex silicate Ca-FeAl-Siz013 by Direct Methods

Space Group: P2./m \

' !
Early FOM histogram Angstrom Number Rint Distribution of reflections up to ©.77 Ang. i
up to 10.0 [¢] - Angstrom No. of No. of No. of % of b,
n 160.0 - 8.0 1 3.00% resolution expected observed missing completeness #
8.9 6.9 ° e up to 10.0 e ) ) ) J
0 _]_LUI 6.0 - 5.0 1 16.79% 10.0 8.0 2 1 1 50
5.0 - 4.0 5 5.59% 8.0 - 6.0 1 0 1 0
] 2 4.9 - 3.0 10 7.61% Al o B o 2 z o
eFOM 3.0 - 2.5 13 7.17% 5.0 - 4.0 7 5 2 71
. 2.5 - 2.0 31 10.02% 4.0 - 3.0 12 10 2 83
256 Final FOM vs R% scatter plot 2.0 - 1.8 22 12.12% 3.0 - 2.5 17 '3 4 76 \'{
. : . 1.8 - 1.6 27 11.39% 2.5 - 2.0 36 31 5 86
§ P 1.6 - 1.4 51 11.64% 2.0 - 1.8 24 22 2 92 ]
Fom " ’ ’ ’ 1.8 - 1.6 45 39 6 87 i
AN B . " e " 1.4 - 1.3 37 13.76% 1.6 - 1.4 62 51 11 82 }
LI MR . 1.3 - 1.2 69 14.29% 1.4 - 1.3 41 38 3 93
1.1 . — i o 1.2 - 1.1 74 15.48% 1.3 - 1.2 79 69 10 87 _1:
: 2'0 3'0 1.1 - 1.0 114 14.44% 1.2 - 1.1 83 76 7 92 r
1.0 - 0.9 165 16.38% 1.1 - 1.0 130 118 12 91
R% 0.9 - 0.8 257 16.25% 1.0 - 0.9 188 167 21 89
0.8 - 0.7 116 16.60% 0.9 - 0.8 295 265 30 90
0.8 - 0.7 133 118 15 89
[ AL 1003 14.27% ] ALl 1156 1024 132 89

L Res:0.77 R, .=14.27% J

e

% of completeness up to ©.77 Ang. resolution = 88.58 ]

N IF2 - (F2))
> F.

'y

F |

The merging residual value: R, ¢

gt oo 7 _



Recommended Reading on Direct Methods

| o
S
j =)
| 8
Physical and Non- Fundamentals of {9
Physical Methods of Fundamentals of Crystallography /43
Solving Crystal Crystallography (International Union of AP
=as Third Edition

Structures 1st Edition iz Crystallography Texts 5
C. GIACOVAZZO, H. L. MONACO, C
. ARSI 6 FERRARIS, on Crystallography) 3rd | =
by Michael M. e Edition /S
Woolfson, Fan Hai-Fu /¥ g
by Carmelo Giacovazzo, 1
Michael Woolfson and HUgO Luis Mo.naCO,. %_
Fan Hai-fu Gilberto Artioli, Davide W %
Viterbo, & 6 more I & \C
v/ X
1 7
INTERNATIONAL UNION OF CRYSTALLOGRAPHY i G
OXFORD SCIENCE PUBLICATIONS Fifi=3H =
i, O
2
Ry W
Theories and Crystal Phasing in %8

Theories and . Crystal Structure Phasing i
CTectl;lniSques of TEChnlqueS Of o Analyslils Structure Cryst:lsll(r)lggr:;)hy CrySta"ogra Fg
]g};stermintr:fizltfe Crystal Priniatice AnaIySiS: A Modern Perspective phy_ A (%
Structure Principles and Modern Y”;{' &
s : - '
- Determination Practice ‘ Perspective §
by Uri Shmueli by Peter Main, by Carmelo &
Clegg William, Giacovazzo S
Alexander J. >
T —— Blake, Robert O. <
Gould , 5—9

Thank.you for your kind attention s
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Contact, software download and info
http://www.ba.ic.cnr.it/softwareic/sir/
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